UNCLASSIFIED

AD NUMBER

AD476190

LIMITATION CHANGES

TO:

Approved for public release; distribution is
unlimted.

FROM:

Distribution authorized to U S. Gov't. agencies
and their contractors;

Adm ni strative/ Operational Use; NOV 1965. O her
requests shall be referred to Arny Mssile
Command, Redstone Arsenal, AL 35898.

AUTHORITY

USAMC | tr 23 Aug 1971

THISPAGE ISUNCLASSIFIED




q g
e T e i B




P

ARPA ORDER NO. 347 Copy N 175
PROJECT CODE NO. 7400

GENERAL MOTORS CORPORATION

TECHNICAL REPORTY
ON

ANEXACT SOLUTION OF
THE TRANSIENT TEMPERATURE DISTRIBUTION
IN A SPHERICAL REGION

SUBJECTED TO AN ARBITRARY HEAT FLUX

Richard A. Matula

THIS RESEARCH WAS SUPPQRTED BY THE
ADVANCED RESEARCH PROJECTS AGENCY
AND WAS MONITORED BY THE
U.S. ARMY /AISSILE COMMAND
REDSTONE ARSENAL, ALABAMA

GM DEFENSE RESEARCH LABORATORIES

SANTA BARBARA, CALIFORNIA

@

AEROSPACE OFERATIONS DEPARTMENT

CONTRACT NO. DA-01-021-AMC-11359(7)
HYPERVELOCITY RANGE RESEARCH PROGRAM
A PART OF PROJECT "DEFENDER"

DDC AVAILABILLIY NOIICE
TR&5-CIM NOVEMBER 1965

Qualified requesrers may obtain
copies of this report from DHC

e e s e s s e T




CHM DEFKHNSE RESEARCH LABODRATORIEE @ GENERA) MOTOES COEPORATION

TR85-01M

FOREWORD

iy

This veport 18 one of a series of related papers covering various
aspects of a broad program to investigate the flow-field variables
associated with hypersonic-velocity projectiles in free flight under
controlled environmental conditions. 1.e experimental research
is being conducted in the Flight Physics Range of GM Defense
Research Laboratories, General Motors Corporation, and s sup-
porteq by the Advanced Research Projects Agency under Contract
No. DA-01-021-AMC-11358.Z). It ig intended that this series of
reports, when completed, will provide a background of knowledge
of the phenumena involved in the basic study and thus aid in a
better understanding of the data obtained in the investigation.
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ABSTRACT

An exact solution to the heat ¢onduction equation is develuped for a
solid spherical region subjecied to an arbitrary time-independent surface
heat flux, It is assumed that the thermal properties are independent of
temperature and that no sources or sinks exist in the region. It is shown
that the sclution is valid for heated, cooled, or thermally insulated regions.
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NOMENCLATURE

radius of the sphere

nm’ bnm’ Anm‘ Bnm’

D

[

nmj expansion coefficients

nmj’
specific heat
given constant
(6,8) angular dependence of heat flux
thermal conductivity
corstant

azsociated Legendre function

R®m® o2 O

b d
::'g =

heat flux at surtace of sphere

!
N

heat generation per unit volume per unit time
nondimensional radiuvs
nondimensional time

o BERASNRC I »)

temperature
cos 6
space variable
thermal diffusivity
constant, defined by Equation (7)
density
, 8, 8 spherical coordinates
eigenvalue

> X VD W R W

T time

o initial conditions
i space coordinate
n, m, | expansion indices
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INTRODUCTION E

Transient heat conduction problems in polar spheric  sordinate systems

[re—

are of considerable importance. One imporfant clzes of houndary conditions for [
the gpherical region is a prescribed heat flux at the surface, Sipve the heal

flux during the initial phases of reentry is approximately irdepandent of time,

the solution to this class of problems s applicztion to the transient heating |
regime of reantry vehicles. In particular, the solution of the arbitrary surface 5
flux problem can be used to calculate the time for incipient phase change of {
spherical models utilized to ~*~ulate reentry in {ree-flight range experiments. t
The temperature disiribution in a spherical region subjected ‘o a constant heat

flux has been reported in References 1 and Z. Eowever, the problem of a

spherical region subjected to a variable surface flux has not been investigated,

Considerable research has been conducted concerning transient tempera- i
ture distributions in bodies undergoing phase changes. Refzrences 2 through 9,
including the references therein, provide a relatively comprekensive biblio-
graphy of this subject. However, it is to be noted that the above auihors asswned
that the transient heat conduction could be represented by a one~dimenstonal
model. When the heat flux {3 a funcifon of position, various gectors of the sur-

face will reach the phase transformation statn at different times. Hence, the

phase transformation is further complicated by this effect, and it is important [
te be able to evaluate the surface temperature dis‘ribution and time when this

temperature is first reached 2t some point on the body.

The nurpose of the present paper is to determine the exact transient tempera-
ture distribution for a spherical region subjected to a time-independent suriace
heat flux that may be a function of position. The solution '3 cbtained for a
material with constant thermal properties and a reglon without sources or sinks.
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FORMULATION OF THE PROBLEM

‘The partial differential equation for heat conduction in an isotropic solid,
including the effscts of heat generation an” variable thermal properties, can

p T,’- - d i 1

The coordinate system for this probiem is assumed to be tha region bounded by
the sphere of radius & as shown in Figure 1.

ity

(K, 89

Figure 1 Coordinate System

In order to simplify the solution of Equation {1) 1t in assumed that: (a) the
heat generation per unit volume per unit time is zero; (b) the therraal propertics
are constant; and {c) the boundary conditions are independent of time,

It is assumed that the initial temperature disiribution i8 known and that £
an arbitrary heat flux at the surfac» of the sphere is specified. Utl zing the
three assumptions listed above, Equation (1} ~an be written as

3T _ 2
55 =@7T. {2
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The solution of Equation (2) is subjected to the following initial and boundary

conditions
T(C! e9 ﬁs 0) = To(c: 69 ﬂ) (33)
( . 3T\
q"a = ‘.m -s—c—) = Fﬁ(e; g) (3b)

In Equaticn (3b), F is known constant and K is the thermal conductivity of
the material In order to generalize the solution of Equation (2) subjected to
(32) and (3b), we define the following nondimensionai distance and time

r = {/a (4a)
t= i:g . (4b)

Combining Equations (2), {4a) and (4b) and expanding the Laplaciaa in termg of
spherical coordinates yieids

LT, BZT-G- 2 6_'1_‘+“2__1 2 (sine BT>+ -2-——2-—1 --azT (5)
e ;;f roor r Bin@ 26 58 r'sin“e 28

Convertirg the houndary conditions to the nondimensionalized form gives

T(r,ﬁ, ﬂ,O) = To(rr 99 ﬂ) (63)

35| - A (o)
where

B=-%F. (7

The solution of Equation (5) must also mest the physical consii>int that the
temperature throughout the regiorn is bounded for finite trae.

e _—
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A

SOLUTION O

It zan be shown that & simple variables-separable soiution of Equation (5)
cannot meet ali of the boundary conditions. This implies tha' if a solution with
separated variables is valid for the given system, the« & must be 8 composite

function.

Assume that the solution of Equation (5) can be written in the following

form
™r, 8, 8,t) = f{h+u{r,8,8)+vir,6 8, 1t). (8)

It can be shown that a sclution to Equation (5) that meets (6=) and (6b) 12 vnigue.
A mathematical-uniquenes3 proof for this aystem 1s given by Churchﬂl.(m) The
physical uniguenesg of the solution can also be proven by invoking the S8econd
Law of Thevmodynamics. Assume that T1 and T2 are unique solutioas to
Equation (5) sabjectz@ to (62) ard (6b). I Tl anl '1'2 are solutions, then

(Tl— T2) musg: also be a solution. It can be ea<ily shown that the Second Law

-of Thermodinamies is viciated if the guantity 'T1 - rz) ir not idantically zero.

Combining Equations {§) and {8) vields

f'(t)+ %i! = V2u+V2v . {9)
Let

) = 2u (10)

)

-ﬂ" = vy, (13)

S e i

D . e m f
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Since the right-hand side of Equation {10) is ‘ndependent of {ime, the left-hand
gide must also be indspendent of time. Thereicre, 1(t) can be written as

i(t) = Mt {12)

where M is a constant. The boundary and initial conditions of the problem are

satisfied by
To (r, 8 8) = ulx, 0, 8) + vir, 5, £, o) {13)
aT = du v |
= Fg(6,0) - 5 S
FLI il "I,

Equations (12| and (14) are satisfled if we arbitrarily set

du i ,

Y = B g(e, 9) (15a)

ar r=1 ’

dv . =

3F L=, =0 (150
and

V6,8, 0) = T, -u(r, & B). (16)

Therefore, the solution to the initial problem is reduced to the solution of
the foliowing two differential equations and their corresponding initial and
boundary conditions:

vy _ 2 3
a- = Vv (17a,

aubjected to

L

TSRS,
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v(r, 6, 8, o) = T, -u(r, 6, 8) (17c) ™~
and
v2 u=M (18a)
subjected to
3u Iy
w " Eglo, 8) . (18b)

A complete solusion v the initial problem is obtained when the solutions u and
v are evaluated and the constant M in Equation (12) is determined.

SOLUTICN OF POISSON'S EQUATION

The solution of Equation (18a) r2 . »» obtained by malking the following

definition:

u(r, 0, #) = w(x, 6, §) + ¥(r) (18)
where

=0 (20)
ard

v 2y | (21)

Equaticn (21) is a second~order nonhomogeneous differential equation whose

general solution rcan be written as
C
¥(r) =%’r2+-§‘-1+ Cy . (22)

Since u must remair finite at the origin, the value of C1 must be identically
zero. Arbitrarily setting the value of ¥ equal to zero at the surface of the
sphere, we obtain

w) - Moy, (23)
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The solution of th w equation can be obtained by separstion of varizables
(24)

wir, 8, 9) = R(x) @ ") & (¥)

Combining Equatic.is (20) and (24) and dividing hy w ylelds

2
2 R . 2rR 2, (1-x°) ? 2.3\ ¢" 2 "
[r R, —-I-i-](l-x) ol a—x(u-x);;)- 3w (ab)
where
X = cos @ (26)
and
m = a separation constant.
The-efore, the soiution for the ® function can be written as
_ jcosm¥p B M ,
a(8) = {sinmﬂ} m=0,1,2 27
Equation (25) can be rewritten as
2R"+2rR + FR=0 (28)
and
a [ad ], [@2. 5 Jeoo (29)
ax dx 1-22

where
ﬂz is a separation constant.
The solution to Equation (20) is given by the associated Leg=anare function
(20)

P:’ {x)

e(x)
(31)

and
;32 n{n+1) n=0,1,2~--

=3

14,2,

e
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Equation (28} is Cauchy's linear differsntigl equation which has the golution
B n . ={n+1)
R (r)-Csr +Cyx . {32)

For the solution to be bounded at the origin, C 4 must ba identically zero,
Hence the solution to Equation (19) can be written as

u(r, 9 ﬂ)-M(21 D) n pn
, 9, --B-r-)+EZr () A cosmf+B_sin mﬁ}. (33)

n=0 m=0
Applying boundary condition (15a) to Equation (31) yields

@ n
bg(s 8) = —}?- +Z z n P:‘(x) {Anmcos mf + Bﬁmsin mpﬁ . (34)
n=1 m=o : j
Now the arbitrary function (B g(6, #)) can be expanded in the following
manner:

23] X
T m
Bgle, ﬂ):Z f: P (x) {anmces mﬁ+bnmsinmﬂ}. (35)
n=0 m=o0

The numerical values of the expansion coefficlents am and bnm can be
obtained by invoking the orthogonality relationg between the iconometric and
associated Legendre functions,

The normalization integrals for the assoclated Legendre functiond are
given by
1 2

[ @] e - @Ry o)

and the values of CH and bnm are given by Equations (37) t.rough (39).
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1 27
aoowi?[[ Be*(x, 0) df dx an
-1 g
1 27

a - %%ﬁﬁfpr(xyf Belx B) cosmPdpde  (38)

~1 o

1 27
b, = 2";%%;1‘])—’ fp:’(x)f[s’g(x,m stn mPdfdx . (39)

-1 o

The vaiues of the unknown coefficients in Equation (34) are obtained by equating
like terms in Equations (34) and (35). Therefore, it is seen that

M = 3&00 (40)
a

Aum = T no o (41)

g . A T (42)

Since the values of a = and bnm are determined in terms of the given

normal boundary condition and simple quadratures, the solution of the u function
is deterniined. It 15 also to be noted that the constant M (see Equations (8) and
(12) ) has been specified In terms of the normal bounds. ¥ condition.
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SOLUTION- QY THE v EQUATION

The purpose of this section is to outline the solution of Equation {17a)
subject to the boundary and initial conditions as given by Equaticns {17b) and
(17¢). The solution is obtained by assuming that the function is separable and
by proceeding in the usual manner. This attack yieids the following results:

v, 8, 8,0 - R (@) o) et (43)
where

a() - {z};;g%} m=0,1,2—-n (44)

e(x = P’ (x n=0,1,2-- (45)
and

R"+§R'+i—)2--’:‘£‘lﬂ)-|n=n (46)

NN
Equation (48) is similar to Bessel's equation, and it can be put into the correc.

iorm by the following change of variables.
Let,

G(r)
R = . 47
(r) :172 (47)

Combining Equations (46) and (47) yields

- 2
" .2 2
G+ {A -i—z—l““/ ]G=o (48)

T

1

10
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The solution to Equation (48) is given by the Besse! function of order (n+1/2).

G(r)= Jn+1/2 (knr) . {49)

Combining (47) and (49) yields

'_’n+1/2 (knr)
r

R(r) = {50)

Since the solution must meet the boundary condition (17h) which is independent
of 6, 8, and t, the derivative of R(r) evaluated at r=1 must be zero.

, 31/ Oir)
Ry = & ["ﬁrj—"“/f(“r]

r

=0 . (51)

r=1

It can be shown that Equation (51) ie satisfied for the eigenvalues, lnj ,

given by

an"'l/ 2 Ohj) - \11 Jn-|»3/2 (%) {52)
<vhere

knj >0

n = 0,1,3---

i = 1,2 ===,

The first ten eigenvalues A nj are given for n equals one to fifteen in the
appendix to this report. Therefore, the solution tu Equation (17a) that meets
the normal boundary condition (17b) is given by

® o n J (x_.r)
, 6, 8,4 = R A
v(r n§ j; %:-10 o (%

r 2 (53)

“Anjt
Cnmj e .

cos mf + Dmnj sinmf t

i
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The numericzl value of the coefficients Cﬂmj and D nmj can be evaluated
from the initial conditions as givsn br Equation (1'c).

A A
(T -u) _2;:) ?: i n+1/3( n‘ﬂ .P:'(x){cnmjcoa m_6+Dnm,smmﬂ}.
(54)

Since sinm @, cosm @, and Pl:(x) form orthogonal s¢ts of functions and
the Beassel functions are orthogonal with respect to the weight function r, the
values of Cnmj and Dnmj can be evaluated in terms of quadratures. It can
be shown that the value of the normalization integral for the fractional-order
Bessel functions subjected to the eigenvalues of Equation (52) are given by

6/ lr [Jn+1,/ Z(an r)] 2dr = [)‘nj-n(n+1;]l- nH/a()hl)] o

The values of Cnmj and Dnmj are determined to be

{ Comt] _ gy () (e 1 -
D = &
nm) 7(n+m) | (’lzﬂ'"(ml) [Jm-l/ 2(’\53)]

(@)
j‘ 3/2; Tne1/2Pn® f P (x) f(,r -u){z?:;lg} dfdxdr .

The constant 7 must be replaced by 27 when Cnoj is evaluated.

12
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RESULTS
The solvtion is £ ally obtained by combining the various parte,
T=Mt+%’ (r2-1)+§ ﬁrnpm(x) {Anmcos m3+B__ sinm } |
n=o m=o O n !
) (57)
now Jn+l/2(l - 1njt

S 3D3>

n=c m=o i=i

nf") m
P (x) {Cmmcos mﬁ"’Dnmj smmﬂ} e,

The values of the expansion coefficients M, Anm' Bnm , Cnmj s Dnmj

and the sigenvalues are given by Equations (49), (41), (42), (56), and (52).

The results of Equation (57) can be simplified if the initial temperature
distribution is assumed zonstant.

In this case, the left-hand eide of Equation (57) can be replaced by the tempera-
ture ~xcess (T-To), and the functinn ('I'o-u) in the integrands of the expansion
coefficients Cnmj and Dnmj can be replaced by (-u),

If the heat flux and temperature distribution are axially symmetric functions,
the solution and boundary conditions are not dependent on the angle . This
simplificatior { reflected by setting the value of m identically equal to zero
in Equation (5., . in addition to the above the initial temperature of the region
is constant, further simplifications resuit in the solution.

3
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DISCUSSION OF THE RESULTS

8ome commenis may be made concerning the generality of the above solution.
The development in the preceeding sections has shown that the temperature
distribution in a spherical region subjected to a known heat flux at the boundary
can be repreaznted in terms of known functions and quadratures. it is also
impcz;tant to note that the eigenvalues, xnj , of Equation (52) are uot dependent
on the form of the given normal heat flux distribution. Therefore, once the set
of eigenvalues are dctermined, they are valid for all input functions g8, #).

The generality of the above solution is manifested by the expé.naion coefficients
2 and b am The sign and numerical value of a . indicates the character
of the problem that i being studied, If the value of a, is greater than zero,
there is a net flux of energy into the region and one would expect the internal
energy of the region to rise with time. Thie is confirmed by the first term in
the solution. On the other hand, the numerical value of 2 00 i8 negative if there
is a net flux of energy leaving the region. Physically, the negative sign implies
thut the internal energy of the region decreases with time. For a system in
which the integral of the flux over the boundary is zero, one expects that the
net internal energy of the region wowua remain constant. This phenomenon is
also predicted by the solution, since under the above assumption the value of
L would be zero. Finally, if the heat flux is identically zero over the whole
surface, all of the a nm'e and b m's are zero, and the solution reduces to
the temperature history of an insulated spherical region with an initial tempera-
ture distribution.

Zhe above discussion impiies that the temperature variation given by Equation (57)
is valid for a wide range of norme. boundary conditions that include net heating,
cooling, or an insualated boundary.

14
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T Mo +1214318B+0241697754854+02 420795968402 +24360766+02+2 7801882400 22
+31169808407+344R98184N2+37776220+07 441 038202+02+342815%514+02 23
Tl T T T T T E132m2634302 91 B12 7575302421 9999%53 4024256040584 0242907581 1402 24
+32458636+02435A09372+02+39113474402434239060%5+02+45647219+02 25
T W12 T 4142583254023 19270297+02423195006402+26B37515402+3C 339 26402 26
+tAITHTO0RT+024371 1947140242 V44802694+024+43732665+024+47002744402 27
TA13 T 153108844024 20406585402423382040+02+28062143402+315936853+02 28 :
+3303587.+0247841 7952+ 0744 175742440244 5065265+402+48349022402 29 3
TMiTE +' 636N6B0+02421837115+0242586510 14+02+29. 1873240243280 777402 0 3
+3635.5993+ 02+ 4970855240 2+8 30656834+024453889274+02+496861 05402 . . 31
Y - +1T730B046+0242266249u+62426735160402+304BB006+02+34077861402 32
+378680074+02440990923+ 02 +44365655+02+47TT7 T9+02:5101%5184462 33

givenfor n=0, 1,2, .... 16 ¢g=1,2 3, ..., 16

where:
A . are the set of eigenvalucs > ¢ to the fcllowing equation.

Ine 1/2 ()’nq) = A ng J1'1+3/ 2 ( nq)
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